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Abstract—To implement controllable loads for frequency reg-
ulation in transmission networks in a practical way, the control
scheme needs to be granulated down at least to subtransmis-
sion networks since loads in transmission networks are usually
the aggregation of lower voltage networks. However, not only
frequency but also bus voltage will be affected by active power
changes in subtransmission networks due to a higher R/X ratio
of transmission lines. Further, the costs for loads participating
in frequency and voltage regulation should also be considered.
In this paper, a control scheme is proposed for electric spring
(ES) aggregators which consist of back-to-back ESs and expo-
nential type of noncritical loads in subtransmission networks. A
distributed optimization which aims to minimize the costs and
implements both frequency and voltage regulation is adopted for
ES aggregators to obtain new active and reactive power setpoints
by sharing information with neighbors. Power consumption of
each ES aggregator is then adjusted accordingly to conduct
frequency and voltage regulation simultaneously. Simulation
results show that ES aggregators are able to achieve required
active power response and regulate frequency cooperatively, and
meanwhile maintain bus voltages within the acceptable range
with minimized costs under the proposed control scheme.
Index Terms—Frequency control, electric spring aggregators,
granular control, distributed optimization, demand-side control.
I. INTRODUCTION
Traditional frequency control is implemented on the gen-
eration side by adjusting the mechanical power inputs of
generators to follow demand, which consists of three control
layers operating at different timescales [1], i.e., droop con-
trol (primary frequency control), automatic generation control
(secondary frequency control) and economic dispatch (tertiary
frequency control). However, due to the uncertainty and inter-
mittency of renewable power, this traditional control method
may be inadequate to keep the system frequency at its nominal
value in the future [2]. The situation may become even worse
as the penetration level of renewable power increases. To
integrate more renewables, a large extra quantity of spinning
reserves will be required [3], which may lead to much higher
operation costs.
To overcome these issues, load-side frequency control (or
demand response) has drawn a lot of attention lately because
of its advantages such as instantaneous response, potentially
lower costs and highly distributed availability throughout the
grid [3], [4]. Different control methods have been proposed
to automatically adjust power consumption of loads in trans-
mission networks for frequency regulation [3]–[10]. In our
previous work [5], [6], a switched consensus-based distributed
control method has been proposed for controllable loads in
The work described in this paper was fully supported by a grant from the
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transmission networks which can work in two different modes,
i.e., the frequency regulation mode (FRM) and load recovery
mode (LRM), to achieve both being fully responsive and non-
disruptive when participating in frequency control.
However, due to the hierarchical structure of electric power
grids with respect to different voltage levels [11], all aforemen-
tioned load-side control methods for transmission networks
need to be granulated down to subtransmission networks to be
implemented in practical ways since loads in transmission net-
works are aggregates of large numbers of physical or aggregate
loads in subtransmission networks. Further, in subtransmission
networks the active power changes will affect not only the
frequency but also bus voltages due to a higher R/X ratio of
lines and cables. Moreover, the costs for loads providing active
and reactive power supports need to be considered. Therefore,
an optimization algorithm which can minimize the costs and
meanwhile takes both frequency and voltage regulation into
consideration is required.
In our previous work [12], the electric spring (ES) aggrega-
tors that consist of large numbers of ESs and noncritical loads
are adopted to achieve the required active power response and
regulate bus voltages simultaneously. However, it does not
consider the costs of ES aggregators for providing a required
power response. Further, the ESs used in [12] are an old
version of ES (ES-2) which can only support limited active
power and reactive power within a certain range due to the ca-
pacity limit of the battery and characteristics of the noncritical
load. Moreover, the noncritical loads that cascade with ESs are
usually considered as constant impedance or constant resistive
loads in most of the existing works [12]–[15]. However, many
other load characteristics are used in practice such as constant
current, constant power and exponential types in power grids.
Thus, in this paper a distributed optimization algorithm is
proposed for ES aggregators in subtransmission networks to
provide the required active power response and meanwhile
maintain bus voltages with minimized costs. Due to the
nonlinearity and low computational efficiency of the traditional
AC power flow calculation, a decoupled linear power flow
model proposed in [16] is used to minimize the costs of ES
aggregators. In the optimization algorithm, the required active
power response of each aggregate controllable load (i.e., the
control output of each load-side controller in transmission
networks proposed in [6]) and bus voltages in subtransmission
networks are considered as local constraints for each ES aggre-
gator. By sharing information with neighboring aggregators,
each ES aggregator can accomplish the corresponding power
flow calculation and obtain an optimal solution (the active
and reactive powers setpoints) in a cooperative way. Then,
the ES voltage will be adjusted according to the obtained
setpoints and the power consumption of noncritical loads will
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be changed subsequently to regulate the frequency and voltage
simultaneously with minimized costs. Differently from using
ES-2 in [12], in this paper the third version of the ES is
adopted which consists of two half-bridge inverters configured
in a back-to-back structure (ES-B2B). This new type of the
ES has a larger power support capability by replacing the
battery with an ac-to-dc shunt inverter [13], [14]. Moreover,
an exponential load model which can represent a combination
of different types of loads is adopted for the noncritical load
in this paper.
The rest of this paper is organized as follows. In Section
II, the transmission network model with aggregate loads and
both generation-side and load-side frequency control are intro-
duced. Section III introduces the subtransmission network and
ES aggregator model. Section IV illustrates the control scheme
for ES aggregators. Case studies are presented and analyzed
in Section V. The paper ends by conclusions in Section VI.
II. TRANSMISSION NETWORK MODEL AND FREQUENCY
CONTROL REVIEW
In this paper, the following standard assumptions are made
for the transmission network:
1) The transmission network is connected in which trans-
mission lines are lossless and characterized by reactances
xij = xji.
2) The magnitude of voltage |Vi| of each bus in the
transmission network is fixed, then the active power flows
between buses will not be affected by the voltages.
The structure-preserving model proposed in [17] with ag-
gregate loads is adopted to model the transmission network,
δ˙i = ωi, i ∈ G (1a)
Miω˙i = −Diωi + Pmi −
N∑
j=1
bij sin(δi − δj), i ∈ G (1b)
Diδ˙i = ui −
N∑
j=1
bij sin(δi − δj)− PDi , i ∈ L (1c)
where N = {1, 2, ..., N} = G⋃L is the index set of all the
buses. The index sets of generator buses and load buses are
denoted by G = {1, 2, ..., NG} and L = {1, 2, ..., NL} with
cardinalities NG and NL, respectively.
For all i ∈ N , the coefficient bij = |Vi||Vj |xij is acquired
based on assumption 1) and 2). For each generator i ∈ G,
parameters and variables Mi, Di, δi, ωi and Pmi represent
the inertia constant, damping coefficient, power angle, power
angular velocity and mechanical power input, respectively.
For each load i ∈ L, symbols Di, δi, ui and PDi represent
the frequency-dependence coefficient, bus voltage phase an-
gle, actual response of the aggregate controllable load with
capacity limits ui ≤ ui ≤ ui and uncontrollable constant load,
respectively.
In our previous work [5], [6], we proposed a cooperative
control method to coordinate generation-side control and load-
side control. On the generation side, some of the generators are
selected to participate in AGC and adjust their setpoints every
few seconds to restore the frequency to the nominal value,
whereas other generators have droop control only [1]. On
the load side, a switched consensus-based distributed control
method has been proposed for the load-side controller. It works
in the FRM to restore the system frequency after disturbances,
and then switches to the LRM to recover aggregate control-
lable loads to their nominal values after the frequency goes
back to an acceptable region. Thus, for each load i ∈ L, the
distributed controller is proposed as follows [6],
FRM: r˙i(t) =
N∑
j=1
aij(rj(t)− ri(t)), t ∈ [tm, t′m + τ) (2a)
ri(t
+) = di(t), t = tm,m = 1, 2, ... (2b)
u¯i(t) =−KILiri(t)−KPLi∆ωi(t), t∈ [tm, t
′
m + τ) (2c)
LRM: r˙i(t) = −αiri(t), t ∈ [t′m + τ, tm+1) (2d)
u¯i(t) = −KILiri(t), t ∈ [t
′
m + τ, tm+1) (2e)
where parameters KILi > 0 and K
P
Li
> 0 represent the
integral and proportional control gains, respectively. The vari-
able ∆ωi = ωi − ωs is the angular velocity deviation where
ωs = 2pifs is the nominal angular velocity of the system with
fs representing the nominal value of the system frequency.
The variable u¯i is the required response of each aggregate
controllable load. The time instant at which the mth time
the system frequency exceeds the pre-set frequency band due
to an active power mismatch is denoted by tm. The power
imbalance of each bus at t = tm denoted by di is defined
as: di = Pmi −
∑N
j=1 bij sin(δi − δj) for each bus i ∈ G
and di = ui −
∑N
j=1 bij sin(δi − δj) − PDi for each bus
i ∈ L. The parameter αi is the load recovery rate. The
matrix A = (aij) ∈ RN×N represents the topology of the
communication network for the controllers in transmission
networks. The time instant when the frequency recovers to the
acceptable region is denoted by t
′
m, and the constant τ is the
dwell-time aiming to reduce unnecessary switching between
the FRM and LRM. It should be noted that the generator
buses are also included in the distributed consensus algorithm,
for helping load-side controllers to acquire the average power
imbalance of the system [6].
Let φ(t) denote the switching signal. Further, let φ(t) = 1
represent the aggregate controllable loads working in the
LRM, and φ(t) = 0 represent the aggregate controllable
loads working in the FRM. At each t = tm, the control
centre sends φ(t) = 0 to inform each controller. Then each
controller reinitializes its state ri(t) according to (2b) and
starts to discover the average power imbalance of the system
by communicating with its neighbors. The control output u¯i of
each load-side controller is then adjusted accordingly to help
generators to restore frequency. When the frequency goes back
to the acceptable region for τ s, each load-side controller will
begin to recover aggregate controllable loads to their nominal
values when it receives the signal φ(t) = 1 from the control
centre at t = t
′
m + τ s, and the generators will gradually
take full responsibility for the active power imbalance in the
system. Details of the proposed control method can be found
in [6].
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It should be noted that the variable u¯i in (2) is the required
but not the acutal response of each aggregate controllable load
which needs to be sent to subtransmission networks where it
can be implemented by adjusting physical loads coordinately.
Thus, a coordinative control method should be proposed by
which the actual aggregate response of controllable loads
in subtransmission networks i.e., ui in (1c) can track the
corresponding required response u¯i, and will be discussed in
Section IV.
III. SUBTRANSMISSION NETWORK MODEL AND ES
AGGREGATOR MODELING
Loads in the transmission network model are usually aggre-
gated by large numbers of physical loads in subtransmission
networks, and hence the load-side control signals obtained
in the transmission network need to be sent to subtrans-
mission networks to be implemented in a practical way.
Thus, each load bus in the transmission network is assumed
to be the aggregation of a subtransmission network in this
paper. Differently from transmission networks, transmission
lines in subtransmission networks have a higher R/X ratio.
Consequently, not only the frequency but also bus voltages will
be affected by active power changes, and hence both of them
need to be regulated simultaneously when any active power
mismatches occur.
In this situation, a smart load consisting of an electric spring
(ES-B2B) and its associated noncritical load can be adopted
to deal with this issue effectively since it can provide active
power and reactive power support simultaneously [14]. There-
fore, we use an ES aggregator and a critical load connected
in parallel at each load bus to represent the load in subtrans-
mission networks. Two cascaded components are included in
each ES aggregator: a large control capacity ES-B2B and an
aggregate noncritical load. Fig. 1 shows the configuration of
such a load in which the symbolsVs,Ves,Vnl and I represent
the bus voltage, ES-B2B voltage, noncritical load voltage and
current, respectively. The structure of the ES-B2B and the load
model will be discussed in detail in the following subsections.
A. Basic Concept of ES
Fig. 1. Configuration of a load with an ES aggregator and a critical load
So far, three versions of ESs have been conceived. The
third version of the ES (i.e., ES-B2B) consisting of two half-
bridge inverters is adopted in this paper [14]. The configuration
of the ES-B2B is shown in Fig. 1. Similar to the first two
versions, one inverter of the ES-B2B (Series-ES) is connected
in series to a noncritical load. Unlike using a capacitor in ES-
1 or a battery in ES-2 as energy storage, the ES-B2B uses
a bidirectional ac-to-dc inverter (Shunt-ES) with the ac side
connected to the power grid (see Fig. 1 where the Shunt-ES
works in parallel with the Series-ES plus aggregate noncritical
load). The active power supplied (or consumed) by the Series-
ES is equal to the active power consumed (or supplied) by the
Shunt-ES from the grid, and the Shunt-ES does not consume
any reactive power, i.e., P shuntes = −P serieses and Qshuntes = 0
[14]. Thus, the total active power Psl and reactive power Qsl
of an ES aggregator can be represented as follows,
Psl = Ps + P
shunt
es = Pnl (3a)
Qsl = Qs +Q
shunt
es = Qnl +Q
series
es (3b)
where the symbols Ps and Qs represent the total active power
and reactive power of the series-ES and associated noncritical
load, respectively; and Pnl and Qnl are the active and reactive
power consumption of the noncritical load, respectively.
B. Load Model
The operation of the ES-B2B affects the voltage of the
noncritical load significantly and consequently its power con-
sumption as well. So far, only constant resistive or impedance
loads have mostly been used as the noncritical load in the
existing ES studies (e.g., [12]–[15]). To extend the adoption
of ESs, a general load model should be considered to verify the
proposed method with ESs [18]. In this paper, the noncritical
load is modeled as an exponential load whose active power and
reactive power can be expressed by the following exponential
functions of voltage, respectively
Pnl = P0
(
Vnl
V0
)αp
(4a)
Qnl = Q0
(
Vnl
V0
)αq
(4b)
where the constants P0, Q0 and V0 are the nominal active
power, reactive power and magnitude of the noncritical load
voltage, respectively. For simplicity, V0 of all load buses are
assumed to be one unit in this paper. The variable Vnl is the
voltage magnitude on the noncritical load with limits 0 <
V nl ≤ Vnl ≤ V nl, and αp (αp 6= 0) and αq are the exponential
coefficients of the noncritical load. By substituting (4a) into
(4b), we can rewrite (4b) as follows,
Qnl = Q0
(
Pnl
P0
)αq
αp
. (5)
The method on how to control ES-B2Bs to regulate frequency
and voltage will be discussed in next section.
Remark 3.1: We assume that the critical loads are constant
power in this paper. Because the bus voltages will be main-
tained within small ranges around the nominal values due to
the control actions of ES aggregators, the power consumption
of critical loads will consequently be maintained around their
nominal value. Thus, for simplicity we ignore these small
power changes and assume the critical loads are unchanged.
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Remark 3.2: Although the ES aggregator has a relatively
large control capacity as it consists of many smart loads, a sin-
gle ES aggregator may still not fulfill the requirement of load-
side control in transmission networks. Then, the problem how
to coordinate a number of ES aggregators in a subtransmission
network such that their aggregate control actions can satisfy
the corresponding requirement arises. This question will be
answered in the next section.
Remark 3.3: Regarding the frequency-dependence load in
(1c), we assume that the frequency-dependence coefficient Di
of each load i is small, and for simplicity, we still use the
term Diδ˙i in the transmission network. However, the method
on how to granulate this term down to the subtransmission
network is of importance and deserves attention.
IV. OPTIMAL CONTROL FOR ES AGGREGATOR
In subtransmission networks, both the frequency and bus
voltages will be affected by active power changes due to the
higherR/X ratio of transmission lines, and hence both need to
be taken into account by ES aggregators when active power
mismatch occurs. However, bus voltages do not have to all
hold to the nominal value and are allowed to vary within
required limits [1]. Further, the amount of active power and
reactive power that each ES aggregator should provide needs to
be coordinated and optimized to minimize the costs and fulfill
the active power response (transmission level) and bus voltage
limits requirements in the meantime. To solve these problems,
we propose a control method and a distributed optimization
algorithm. The designed control method is used to adjust
active and reactive powers of ES aggregators according to the
reference setpoints obtained from the proposed optimization
algorithm, which will be discussed in this section.
A. Active and Reactive Power Control of ES Aggregators
To achieve the required active power, i.e., u¯i at the point of
common coupling (PCC), and meanwhile keep bus voltages
within required limits, both the active power and reactive
power of each ES aggregator need to be adjusted simultane-
ously. Therefore, a d−q transformation is adopted to decouple
the ES-B2B voltage Ves, noncritical load voltage Vnl and
current I into d and q components, respectively, as follows
Ves = Ves d + jVes q (6a)
Vnl = Vnl d + jVnl q (6b)
I = Id + jIq. (6c)
More details of the d− q transformation can be found in [12].
Let Ni = {1, 2, ..., Ni} and N ies = {1, 2, ..., N ies} denote
the index set of all the buses and buses with ES aggregators in
each subtransmission network i ∈ L, respectively. For each ES
aggregator j ∈ N ies, the bus voltage is used as the reference,
i.e., Vsj = Vsj 6 0
◦, to obtain the corresponding ES voltage.
Easily, we can acquire
Vnl dj + Ves dj = Vsj (7a)
Vnl qj + Ves qj = 0. (7b)
From (4a) and (6b), we have√
V 2nl dj + V
2
nl qj
= V0j
(
Pnlj
P0j
) 1
αpj
. (8)
By using (3) and (5), the active and reactive power consump-
tion Pnlj and Qnlj of the noncritical load and reactive power
consumption Qslj of the ES aggregator can be represented as
Pnlj = Vnl djIdj + Vnl qjIqj = P
∗
j (9a)
Qnlj = Vnl qj Idj − Vnl djIqj = Q0j
(
Pnlj
P0j
) αqj
αpj
(9b)
Qslj = −VsjIqj = Q∗j (9c)
where the required active power and reactive power of each
ES aggregator j are denoted by P ∗j and Q
∗
j , respectively. Here
we drop the sl subscript for simplicity.
By using (7), (8) and (9), the d and q components of
each ES-B2B voltage setpoints with saturation limits V es d ≤
V ∗es dj ≤ V es d and V es q ≤ V ∗es qj ≤ V es q are acquired as
follows
V ∗es dj =V
∗
sj
−
Q0j
(
P∗j
P0j
)αqj+2
αpj Q∗j +
(
P∗j
P0j
) 1
αpj P ∗j
√
∆
P ∗2j +Q
2
0j
(
P∗
j
P0j
) 2αqj
αpj
V0j
V ∗es qj =
(
P∗j
P0j
) 2
αpj P ∗j Q
∗
j −Q0j
(
P∗j
P0j
)αqj+1
αpj
√
∆
P ∗2j +Q
2
0j
(
P∗
j
P0j
) 2αqj
αpj
V0j
(10)
where V ∗sj is the required bus voltage and ∆ = P
∗2
j −(
P∗j
P0j
) 2
αpj Q∗2j + Q
2
0j
(
P∗j
P0j
) 2αqj
αpj . Two closed-loop PI con-
trollers are adopted to enable the actual d and q components of
each ES-B2B voltage Ves dj and Ves qj to hold to the setpoints
V ∗es dj and V
∗
es qj
, respectively. The setpoints V ∗es dj and V
∗
es qj
are determined by the required power consumption of the
ES aggregator, i.e., P ∗j and Q
∗
j obtained from the proposed
distributed optimization algorithm which will be discussed in
the next subsection.
B. Distributed Optimization Over ES Aggregators
As discussed in the last subsection, to regulate the frequency
and voltage simultaneously, new active and reactive power
setpoints are required by each ES aggregator to adjust its ES-
B2B voltage as given in (10). Moreover, the costs for the active
and reactive power support by ES aggregators should also be
considered. Therefore, optimal power flow calculations aiming
to minimize the costs and from which each ES aggregator can
obtain its corresponding active and reactive power setpoints
need to be conducted. Since there may be large numbers
of ES aggregators scattered in subtransmission networks,
centralized optimization may be infeasible to deal with this
problem. In contrast, distributed optimization can address this
problem effectively in which each ES aggregator only needs
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to communicate with its neighbors to acquire the optimal
solution cooperatively. However, due to the nonlinearity and
low computational efficiency, the traditional AC power flow
model may be infeasible to be adopted in the distributed
optimization, and hence a linear power flow model is used.
In this paper, a decoupled linearized power flow (DLPF)
model proposed in [16] is adopted to approximate the AC
power flow model. We illustrate the DLPF model for one
subtransmission network as an example, which will then be
adopted to all subtransmission networks in this paper, and
hence the subscript i standing for the ith subtransmission
network is dropped for simplicity. Thus, the matrix form of
this DLPF model is given as follows,
[
P
Q
]
= −
[
−G B′
B G
] [
V
θ
]
(11)
where the vectors P = (P1, P2, ..., PNi)
T , Q =
(Q1, Q2, ..., QNi)
T , V = (V1, V2, ..., VNi)
T and θ =
(θ1, θ2, ..., θNi)
T are the bus injected active powers, reactive
powers, bus voltage magnitudes and phase angles, respectively.
The matrices G ∈ RNi×Ni and B ∈ RNi×Ni are the real
part and imaginary part of the admittance matrix of the ith
subtransmission network, respectively, and B
′ ∈ RNi×Ni
is the imaginary part of admittance matrix without shunt
elements. Define the vector x = (PT ,QT ,VT , θT )T ∈ R4Ni .
Hence, the model (11) can be rewritten as[
I O −G B′
O I B G
]
︸ ︷︷ ︸
W
x = 0.
(12)
where the matrices I ∈ RNi×Ni and O ∈ RNi×Ni are the
identity matrix and zero matrix, respectively, and 0 ∈ R2Ni is
a zero vector. More details of the DLPF model can be found
in [16].
Thus, for each subtransmission network, the optimization
problem can be described as follows,
minimize f total =
Nies∑
j=1
fj(x) (13)
subject to
W x = 0, x ∈ Ω (14)
where the cost function of the power compensation by each
aggregator j is assumed to be convex and selected to be a
quadratic function, namely fj(x)=hj(Pj−P0j)2+gj(Qj−Q0j)2
where hj and gj are the cost coefficients of active and
reactive powers, respectively. We assume that the cost func-
tion fj is only known by aggregator j for privacy issues.
The set Ωi = [X,X] is the global constraint with X =
(PT ,QT ,VT , θT )T and X=(P
T
,Q
T
,V
T
, θ
T
)T , respectively,
in which P = (P 1, P 2, ..., PNi)
T , P = (P 1, P 2, ...PNi)
T ,
Q = (Q
1
, Q
2
, ..., Q
Ni
)T , Q = (Q1, Q2, ...QNi)
T , V =
(V s1 , V s2 , ..., V sNi )
T , V = (V s1 , V s2 , ..., V sNi )
T , θ =
(θ1, θ2, ..., θNi)
T and θ=(θ1, θ2, ..., θNi)
T are the lower and
upper limits of active powers, reactive powers, bus voltage
magnitudes and phase angles, respectively.
It should be noted that bus 1 in each subtransmission net-
work is assumed to be the PCC, and we set V s1 = V s1 = VP ,
θ1 = θ1 = θP , Q1 = QP and Q1 = QP . We assume
that a PMU is installed at the PCC in each subtransmission
network such that the active power flow Ppcc at the PCC
can be measured. Transmission losses Ploss of each subtrans-
mission network need to be considered because of the high
R/X ratio of lines in substransmission networks. Therefore,
we further assume there is linear relationship between the
transmission losses Ploss and active power flow Ppcc, i.e.,
Ploss = D
lPpcc + C where D
l is the coefficient and C is
a constant [19]. Thus, to achieve the required active power,
the active power limits of bus 1 in each subtransmission
network is set to be equal to the control reference signal
u¯ from the load-side controller at the corresponding bus
in the transmission network plus transmission losses of the
subtransmission networks, i.e., P 1 = P 1 = u¯ + Ploss. For
buses j ∈ Ni \{1}, the limits of magnitudes and phase angles
of bus voltages are uniformly set as V sj = V s, V sj = V s,
θj = θ and θj = θ, to guarantee bus voltages not to exceed the
required limits. For the active power limits, from (4a) we have
P j = P0jV
αpj
clj
and P j = P0jV
αpj
clj
, respectively. To illustrate
the relationship between the active power and reactive power
of a bus installed with an ES aggregator, an example is shown
in Fig. 2 with parameters given in Table I. The blue curves
g
j
(Pj) and gj(Pj) in Fig. 2 are the original bounds of the ES
aggregator reactive power. For simplicity, the rectangle area
in Fig. 2 is used as the active and reactive power limits of ES
aggregator j where Q
j
= max g
j
(Pj) and Qj = min gj(Pj),
∀j ∈ Ni \ {1}.
Remark 4.1: The phase angle differences between each bus,
i.e., |θj − θk|, ∀j, k ∈ Ni, in subtransmission networks need
to be considered in this optimization problem. Therefore, in
each subtransmission network, we assume the phase angle of
the PCC as the reference, namely θ1 = θP (θP is a constant),
in the optimization for simplicity.
TABLE I
SPECIFICATIONS OF THE EXAMPLE FOR ES AGGREGATOR OPERATION
REGION
Symbol Value
Vs nominal value 1 p.u.
Ves limits ±1 p.u.
Vcl limits [0.6, 1.4] p.u.
Pcl nominal value 1 p.u.
Qcl nominal value 0.2 p.u.
αp 1.7
αq 1.4
To solve this optimization problem in a distributed way, a
consensus-based distributed optimization algorithm proposed
in [20] is adopted in this paper. It should be noted that matrices
B, G and G
′
in (12) are sparse matrices and represent the
network topology of the grid. In other words, the injected
active power and reactive power of each bus are only related
with the voltages of buses to which it has physical connections.
Therefore, to obtain the optimal active and reactive power
setpoints, the ES aggregator at each bus only needs to calculate
its own power flows as well as those of its neighbors it
has physical connections to by sharing local information with
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Fig. 2. The relationship between active and reactive powers of ES aggregator
neighbors. It should be noted that the information of the active
power limits of bus 1, i.e., P 1 = P 1 = u¯ + Ploss, will
be broadcast to all ES aggregators periodically, according to
which the local constraints of ES aggregators will be updated.
In each subtransmission network, the communication net-
work is considered as an undirected graph, the topology of
which is denoted by C = (cjq) ∈ RNi×Ni where cjj = 0 and
cjq = cqj > 0 if there is a communication connection between
bus j and bus q and cjq = cqj = 0 otherwise. In this paper,
the topology of the communication network is assumed to be
the same as that of the physical network since each ES ag-
gregator only needs information from neighbors to implement
corresponding power flow calculations. The set of neighbors of
ES aggregator j is denoted by Nnbj = {w|cjw > 0, w ∈ Ni},
and Nj = Nnbj ∪{j} and Nj is used to represent the number
of elements in each set Nj .
Thus, problem (13) can be transformed to a distributed
optimization problem described as the following form,
minimize f total =
Nies∑
j=1
fj(x) (15)
subject to
Wj x = 0j (j = 1, 2, ..., N
i
es), x ∈
Nies⋂
j=1
Ωj (16)
where matrix Wj is the submatrix of matrix W defined as
Wj =
[
Ij Oj −Gj B
′
j
Oj Ij Bj Gj
]
(17)
and the matrices Ij ,Oj ,Gj ,Bj and B
′
j are submatrices which
contain the wth rows of matrices I,O,G,B and B
′
, respec-
tively, if aggregator w is a neighbor of aggregator j, i.e.,
w ∈ Nj .
Let ∇f(x) denote the gradient of a function f(x), and p(v)
denote a projection operator from Rn to Ω ⊆ Rn : p(v) =
argminu∈Ω||u−v||. Let xj ∈ R4Ni denote an estimated solu-
tion to problem (15) by ES aggregator j. To solve problem (15)
coorperatively, each ES aggregator j will optimize its local
objective function, i.e. fj(xj), subject to local constraints, i.e.,
Wjxj = 0j and xj ∈ Ωj , and meanwhile share information
xj with neighbors. Thus, each ES aggregator j will generate
wj , xj , yj and zj according to the following rules,
w˙j = κ(−wj+xj−∇fj(xj)−WTj yj−
Ni∑
q=1
cjq(xj−xq)−zj)
(18a)
y˙j = ζWjxj (18b)
z˙j = η
Ni∑
q=1
cjq(xj − xq) (18c)
xj = p
j(wj) (18d)
where the vectors wj ∈ R4Ni , yj ∈ R2Nj and zj ∈ R4Ni
are ancillary vectors, and symbols κ, ζ and η are control
gains to be designed. The consensus of xj can be achieved
consequently from (18) and meanwhile the optimal solutions
of (15) can be obtained. The acquired elements Pj and Qj in
xj are the optimal active and reactive power setpoints of each
ES aggregator j.
V. CASE STUDY
Fig. 3. IEEE 9-bus system (on the left) and the modified IEEE 14-bus system
(on the right)
Fig. 4. The modified IEEE 15-bus system (on the top) and 7-bus feeder
system (on the bottom)
In this section, the IEEE 9-bus system consisting of 3
generators and 3 loads (see Fig. 3) is used as the transmission
network to test the proposed control method. Aggregate loads
at bus 5, 7 and 9 are considered as subtransmission networks,
respectively. The three subtransmission networks are selected
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as a 7-bus feeder system, a modified IEEE 15-bus system and
a modified IEEE 14-bus system, the configurations of which
are shown in Fig. 4 and Fig. 3, respectively. The case with a
contingency of a sudden load increase is studied. Comparisons
between the proposed control method and the traditional AGC
are made in this section.
The nominal value of the frequency and per units of the
power and bus voltage are 60 Hz, 100 MVA and 220 KV in
the case study, respectively. The nominal value of voltages in
the transmission network and subtransmission network are 345
KV and 220 KV, respectively.
At each load bus in the 9-bus system, we assume the load
has 20% acceptable adjustment range, i.e., −0.1PDi ≤ ui ≤
0.1PDi , and hence the ratio of noncritical load to critical load
at each bus in each subtransmission network is 1 to 9. For
generators in the 9-bus system, we adopt parameters of the
governor and reheat steam turbine used in [1]. For the selection
of parameters of each load-side controller in the 9-bus system,
please refer to our previous work [6] for details.
It should be noted that all generators in the original 14-bus
system and 15-bus system are removed and only loads are
preserved in the case study. The reactance X and resistance
R of all transmission lines in the 7-bus system, 15-bus system
and 14-bus system are uniformly set to 0.37 p.u. and 0.1 p.u.,
respectively. Nominal active and reactive power consumption
of each load bus in each subtransmission network are given
in Table III in Supporting Document which are denoted
by Pn and Qn, respectively. For the PCC (bus 1) in each
subtransmission network, the bus voltage and reactive power
limits are set as VP = 1.05, θP = 0
◦, Q
P
= −100 and
QP = 100, respectively [21]. For buses j ∈ Ni \ {1},
we set the limits of magnitudes and phase angles of bus
voltages [V s, V s] = [0.95, 1.05] p.u. and [θ, θ] = [−15◦, 15◦],
respectively. Saturation limits of d and q components of the
ES voltage setpoints V ∗es dj and V
∗
es qj
are all set to −0.7 p.u.
and 0.7 p.u.. The voltage limits of the noncritical load in each
ES aggregator j [V clj , V clj ] are uniformly set to [0.6, 1.4]
p.u.. The local constraint of each ES aggregator j denoted
by Ωj = [Xj , Xj ] is uniformly set to be the same as Ω, i.e.
Ω1 = Ω2 = ... = ΩNies = Ω. For simplicity, cost coefficients
hj and gj of each ES aggregator j are uniformly set to 100 and
40, respectively. Parameters αpj and αqj of the noncritical load
in each ES aggregator j are given in Table III in Supporting
Document. Control gains ζ and η for ES aggregators in 7-
bus system, 15-bus system and 14-bus system are uniformly
set to 500 and 250, respectively, and control gain κ is set to
250, 190 and 250 in each system, respectively. The required
active power response is broadcast to aggregators every 0.15
s within which the new active and reactive power setpoints
can be obtained by each aggregator. The linear regression
approach is used to acquire the parameters Dl and C of each
subtransmission network. As a result, Dl of the 7-bus system,
15-bus system and 14-bus system are set to 0.0704, 0.0688
and 0.0751, and C are set to 0.0402, 0.0697 and 0.0645,
respectively.
The system is assumed to operate at its steady state before
t = 300 s, and we assume that a 0.2 p.u. load increase at bus
7 in the 15-bus system occurs at t = 300 s. After the contin-
gency occurs, the control centre detects the system frequency
exceeding the frequency band, then it sets Φ(t) = 0 to activate
the FRM as shown in Fig. 6, and then all load-side controllers
switch to the FRM immediately. In the meantime, the value
of u¯ + Ploss is sent to each ES aggregator by the control
centre, according to which the local constraints P 1 = P 1 of
each ES aggregator j are reset. In the meantime, each ES
aggregator will share information xj with neighbors to obtain
the updated active and reactive power setpoints P ∗j and Q
∗
j
cooperatively, and then adjusts the ES-B2B voltage according
to the voltage setpoints obtained in (10). It takes a short time
for the distributed optimization to converge to the optimal
solution. This leads to a small deviation between the actual
aggregate response of ES aggregators in each subtransmission
network Preal and the required power response u¯ as shown
in Fig. 7. However, it can be observed from Fig. 7 that Preal
is still able to track u¯ closely during most of the time. As
a consequence, the system frequency is restored much more
quickly than that under the traditional AGC as shown in Fig.
5. The voltages of the critical load and noncritical load at bus
2 in the 7-bus system, bus 12 in the 15-bus system and bus
10 in the 14-bus system are shown in Fig. 8, respectively.
It can be observed from Fig. 8 that the noncritical load
voltages vary greatly when the disturbance occurs to achieve
the required active power response and voltage regulation, and
consequently the critical voltages only have minor changes. As
shown in Fig. 6, the control centre sets Φ(t) = 1 after t = 308
s when the frequency recovers into the satisfactory frequency
region, and then all load-side controllers switch to the LRM.
Consequently, power consumption of ES aggregators in each
subtransmission network recover to nominal values gradually
as shown in Fig. 7. Moreover, the costs for ES aggregators
power support under the proposed distributed optimization and
the proportional adjustment approach (i.e., each ES aggregator
adjust its power consumption in proportion to the capacity) are
given in Table II, respectively. The percent amounts shown
beside the actual difference in Table II correspond to the
relative difference over the proportional adjustment approach,
which prove the proposed approach is able to reduce costs
significantly compared with the ones under the proportional
adjustment approach.
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Fig. 5. The system frequency
JOURNAL OF LATEX CLASS FILES, VOL. 13, NO. 9, SEPTEMBER 2014 8
300 350 400 450 500 550
time/s
-0.5
0
0.5
1
1.5
Φ
(t)
Fig. 6. The switching signal
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Fig. 7. Responses of controllable loads in the transmission network and actual
aggregate responses of ES aggregators of each subtransmission network
VI. CONCLUSION
To achieve required performances of load-side controllers
in transmission networks and regulate frequency, aggregate
controllable loads need to be granulated down to subtrans-
mission networks where both frequency and bus voltage are
affected by active power changes due to a higher R/X ratio of
transmission lines. Further, the costs for demand response also
need to be considered when controllable loads participate in
frequency regulation. In this paper a control scheme has been
proposed for subtransmission networks in which a distributed
optimization is adopted for each electric spring aggregator
to obtain the updated active and reactive power setpoints
and adjust voltage accordingly. The simulation results have
shown that the required active power compensation can be
implemented by ES aggregators cooperatively and bus voltages
are maintained within the acceptable range all the time with
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Fig. 8. Voltages of the critical load and noncritical load at the selected bus
in each subtransmission network
TABLE II
COSTS FOR ES AGGREGATOR ACTIVE POWER COMPENSATION
Network Costs with PA 1 Costs with DO 2 Difference
7-bus system 11.62 3.08 8.54 (73.5%)
15-bus system 6.33 2.81 3.52 (55.6%)
14-bus system 10.09 4.93 5.16 (51.1%)
1PA=proportional adjustment 2DO=distributed optimization
the minimized costs under the proposed control scheme.
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VII. SUPPORTING DOCUMENT
Derivation of (10): Subtracting (9b) from (9a) leads to
(V 2nl dj + V
2
nl qj
)Iqj = PnljVnl qj −QnljVnl dj . (19)
By substituting (7), (8) and (9a) into (19), we can acquire
Vnl dj = −
V 20j
(
P∗j
P0j
) 2
αpj Iqj + P
∗
j Ves qj
Qnlj
. (20)
Substituting (20) into (8) and replacing Vnl qj by −Ves qj lead
to
(P ∗2j +Q
2
nlj
)V 2es qj + 2V
2
0j
(
P ∗j
P0j
)
2
αpj IqjP
∗
j Ves qj
+V 40j
(
P ∗j
P0j
)
4
αpj I2qj − V 20j
(
P ∗j
P0j
)
2
αpj Q2nlj = 0.
(21)
By substituting (9b) into (21) and using Iqj = − Q
∗
j
Vsj
we have(
P ∗2j +Q
2
0j
(
P ∗j
P0j
) 2αqj
αpj
)
V 2es qj−2V 20j
(
P ∗j
P0j
)
2
αpj
Q∗j
Vsj
P ∗j Ves qj
+
(
V 40j
(
P ∗j
P0j
)
4
αpj
Q∗2j
V 2sj
−V 20j
(
P ∗j
P0j
)
2
αpj Q20j
(
P ∗j
P0j
) 2αqj
αpj
)
=0
(22)
For simplicity, here we assume that the bus voltage can be
maintained at the setpoint, i.e., Vsj = V
∗
sj
, due to the control
actions of ES aggregators. It is reasonable to set V ∗sj = V0j ,
and hence we have Vsj = V
∗
sj
= V0j and (24) can be rewritten
as follows,
(
P ∗2j +Q
2
0j
(
P ∗j
P0j
) 2αqj
αpj
)
V 2es qj−2V0j
(
P ∗j
P0j
)
2
αpj Q∗jP
∗
j Ves qj
+
(
V 20j
(
P ∗j
P0j
)
4
αpj Q∗2j −V 20j
(
P ∗j
P0j
)
2
αpj Q20j
(
P ∗j
P0j
) 2αqj
αpj
)
=0
(23)
By solving (23), we can acquire the q component of the
ES-B2B voltage setpoint V ∗es qj as follows,
V ∗es qj =
(
P∗j
P0j
) 2
αpj P ∗j Q
∗
j −Q0j
(
P∗j
P0j
)αqj+1
αpj
√
∆
P ∗2j +Q
2
0j
(
P∗
j
P0j
) 2αqj
αpj
V0j ,
(24)
where ∆ = P ∗2j −
(
P∗j
P0j
) 2
αpj Q∗2j + Q
2
0j
(
P∗j
P0j
) 2αqj
αpj . The
d component of the ES-B2B voltage setpoint V ∗es dj can be
obtained by substituting (24) into (20) as follows,
V ∗es dj =V
∗
sj
−
Q0j
(
P∗j
P0j
)αqj+2
αpj Q∗j +
(
P∗j
P0j
) 1
αpj P ∗j
√
∆
P ∗2j +Q
2
0j
(
P∗
j
P0j
) 2αqj
αpj
V0j .
(25)
TABLE III
LOAD PARAMETERS OF THE NONCRITICAL LOAD IN EACH ES
AGGREGATOR
Subtransmission network Bus No.
Load parameters
Pn (p.u.) Qn (p.u.)
αp αq
7-bus system
2 1.3 1.2 0.25 0.05
3 1.4 1.3 0.1 0.02
4 1.5 1.4 0.025 0.005
5 1.6 1.5 0.025 0.005
6 1.7 1.6 0.025 0.005
7 1.8 1.7 0.025 0.005
15-bus system
2 1.9 1.9 0.017 0.0035
3 1.9 1.9 0.0269 0.0055
4 1.9 1.9 0.0538 0.0011
5 1.8 1.8 0.017 0.0035
6 1.7 1.7 0.0538 0.0011
7 1.7 1.7 0.0538 0.0011
8 1.6 1.6 0.0269 0.0055
9 1.6 1.6 0.0269 0.0055
10 1.5 1.5 0.017 0.0035
11 1.4 1.4 0.0538 0.0011
12 1.3 1.3 0.0269 0.0055
13 1.2 1.2 0.017 0.0035
14 1.1 1.1 0.0538 0.0011
15 1.1 1.1 0.0538 0.0011
14-bus system
4 1.9 1.9 0.239 0.0195
5 1.8 1.8 0.038 0.008
7 1.7 1.7 0.056 0.0001
9 1.6 1.6 0.1475 0.083
10 1.5 1.5 0.045 0.029
11 1.4 1.4 0.0175 0.009
12 1.3 1.3 0.0305 0.008
13 1.2 1.2 0.0675 0.029
14 1.1 1.1 0.0745 0.025
